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Preliminaries: simplicial complexes

A simplicial complex IC on vertex set V is a collection of subsets | C V
that is closed under inclusions (/ C J € K = | € K). We assume that K is
without ghost vertices, so {i} € K for all i € V. Note that @ € K.

Missing faces

I ¢ KC is a missing face for K if every J C [ belongs to K. The set of
missing faces is denoted by MF(K).

Flagness and flagification

K is flag if all its missing faces are edges. For every IC, there is unique flag
complex Kf such that sky K = sky KF. Clearly, K C Kf.

v

Links and full subcomplexes

Given J C V, define K, ={leK: | C J}.
Given | € IC, define ki I :={J C V: IUJ € K}. Note that lkx @ = K.
If KC is flag then links are full subcomplexes.

v
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Preliminaries: polyhedral products
Let KC be a simplicial complex on vertex set [m] := {1,

Polyhedral product functor
For (X, A) a pair of spaces,

XA =[x < [JAcx™

IeK iel i¢l

Main examples
o Davis-Januszkiewicz space DJ(K) := (CP>, pt)~;
o Moment-angle complex Zx := (D?, S1)X;

@ Real moment-angle complex Ry := (D, SO)*.

Theorem (Buchstaber-Panov, 2000)
There is a homotopy fibration Zx — DJ(K) — (CP>)™.
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Preliminaries: face rings

Unless specified, k is an associative ring with unit, I is a simplicial
complex on vertex set [m].

Face ring
kK] :=k[vi,...,vm]/(viy - ... v o {1, ... ik} ¢ K). J

There is a Z7-grading: degv; := 2¢;. Clearly, &; — 1 makes it a
Z-grading. We identify J C [m] with >, & € ZT,,.

Face ring in the flag case
If K is flag then k[K] is quadratic:

kK] = T(vi,...,vm)/(vivi — vjv;, i <j; viv; =0, {i,j} ¢ K).

Froberg (1975) has shown that k[K] is Koszul if K is flag.
(A connected associative k-algebra A is Koszul iff its quadratic dual A'
coincides with the Yoneda algebra Exta(k, k).)

v
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Preliminaries: cohomology rings of polyhedral products
Theorem (Baskakov-Buchstaber-Panov — Franz, 2004)
o H*(DJ(K);k) = k[K] and hence is Z7;-graded:

H'DI(K)k) = @  H*DI(K) k), H**DI(K);k) = k[K]a.
a: [2al=n

o H*(Zx; k) = Tor*ltvml(k[K], k) and hence is Z x ZZ-graded:

"(Zek) = P H"ZO‘(Z k),

n=2|a|—

H—I',2Oz(Z,C; k) o Tor]i:([VL...,Vm](]k[’C]’ k)2a‘

o (“Hochster's formula”) H="2*(Zy;k) = 0 if & # J, and
H="2 (2 k) = HYIZ=1(K 5 k).

+Similar formulas for H,(DJ(K); k) and H.(Zx;k) in terms of k().
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Pontryagin algebra of the Davis-Januszkiewicz space
Consider the Z x ZZ-graded k-algebra, deg u; := (-1, 2¢;) :
K[K]' := T(u, ... um)/(v? =0, i=1...m; uiuj + ujup =0, {i,j} € K).
This ring is quadratic dual to k[K].
Theorem (Panov-Ray, 2007+ V., 2021)

o H.(QDJ(K); k) = Extyx(k,k) and hence is Z x 77 -graded:

Ha(QDI(K)ik) = P  H-i2a(QDI(K);k),

n=2|a|—i
H_i 2a(QDJ(K); k) 2 Exty ) (K, K)2a-
o k[K]' — H.(QDJ(K); k).
o k[K]' = H.(QDJ(K); k) if K is flag. (This is just Koszulness of k[K].)

(Original statement was without multigrading, only for field coefficients.
But the proof remains valid for arbitrary ring k.)
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Preliminaries: the split fibration of H-spaces

(Panov-Ray, 2007) Loop the fibration Zx — DJ(K) — (CP>°)™ to obtain
a principal fibration of H-spaces

Q2 -5 QDI(K) -2 Q(CP™)™ = T™.
It has a section:
QDJ(K) ~ QZ x T™ (not as H-spaces!).
In particular, Ho(22x; k) — H.(QDJ(K); k) and
H.(QDJ(K); k) = H (QZic; k) @ Nu, . .., um]

as k-modules and as graded left H,(Q2Zk; k)-modules (not as algebras!).
We saw that H,(QDJ(K);k) is actually Z x ZZ-graded. This induces the
Z x 1Z-grading on H.(QZ; k).
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H,(Q2Z); k) : known results in the flag case
Let k be a field.
o (Panov-Ray, 2007) Let h(t) be the h-polynomial for IC. Then

1
" (14 ) dmEp(—¢)’

> dim H(Q2x; k) t*
k>0

o (Grbic-Panov-Theriault-Wu, 2012) An explicit set of
> Jc[m dim Ho(Ks; k) minimal generators for H, (QZic; k);
H.(Q2Z)c; k) is a free algebra iff sk; K is a chordal graph.

o (Veryovkin, 2015) Full description of the one-relator algebra
H.(Q2Zx; k), where K is a p-cycle, p = 4,5,6.

o (Grbic-llyasova-Panov-Simmons, 2020) H,(Q2Zx; k) is a one-relator
algebra iff K = C, * A9, where p > 4 and C, is a p-cycle.

e (Cai, 2021 — work in progress) Every loop in K gives a relation in
H.(QZx; k) of multidegree (—|J|,2J).

An explicit description of defining relations in H,(QZx; k) seems difficult,

but we can calculate their number.
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Tor(k,k) < generators and relations of A

Let A be a connected graded algebra over a field k. Presentations
A= T(a1,...,an)/(n,...,rm) correspond bijectively to exact sequences

M N
PA @A aG—+Ak—0
j=1 i=1

of left A-modules.
Taking the minimal resolution of the left A-module k, we obtain a minimal
presentation A= T(a1,...,an)/(r1,...,rm), such that

(Exth (k. k)™ = Torf(k, k) = DY, k - a,
(Ext(k, k)" 2 Torg (k, k) = @M, k - r;

J

as graded k-modules.
(Reference: §7 in C.T.C.Wall, Generators and Relations for the Steenrod
Algebra, Ann. of Math. 72(3), 429-444).)
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Extyi(k, k) < generators and relations of k[K]

Example

k[C] has a minimal presentation with generators v, ..., vy and relations

Vivj = vjvi = 0, Vi > ji vjyvp v = 0, {1 <+ <Ji} € ME(K).
Hence:

@ Generators v; € k[K] correspond to elements u; € Extulg[,q(k,k)gei and
then to generators uj € H_1 2¢,(2DJ(K); k);

o Every J € MF(K) gives an element p € Ext]f;[,q(]k, k)2, that can be
interpreted as a “higher product” [uj,...,u;] € H_22,(Q2DJ(K); k).

@ In particular, missing edges {/,j} give ordinary products
upuj € H_2726i+26j(QDJ(IC); k),

o Commutativity relations v;v; — v;v; give ordinary products u;u;.

Thus we described H_; »,(2DJ(K); k), i < 2.
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TorH*(QZ’C)(k, k) — generators and relations of H,(QZ; k)

Theorem (V., 2021)
For flag KC without ghost vertices,
o Tory" @M (k k) = @ )y Hn-1(KCsi K);
@ More precisely, Tor,,*(QZ’C;k)(]k k)_ |20 = Ho-1(K; k);

o If k is a field, the minimal presentation of H.(Q2Zx;k) has
> Jc[m dim Hi (K ; k) relations between >~ Jcm dim Ho (K k)

generators: for every J C [m], exactly dim Ho(KCs; k) generators and
dim Hy(KC; k) relations of multidegree (—|J|,2J);

@ As formal power series,

1
> scpm XK ) t=HIN

Z dim H_; 20(QZic; k)t~ 'A% = —

i,

(We write X(X) := x(X) =1, A* == [[7; 7))
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Tor™(@2xk) (| ) : sketch of the calculation

Let K be flag. For a class of quadratic k-algebras A, Froberg (1975)
constructed free resolutions of the left A-module k. In particular, for
A =Kk[K]" we have

= kK] @ k(K)s — kK] @ k(K)2 — k[K]' = k — 0.

Since k[K]' = H.(Q2Zx; k) ® A[m] as a left H.(QZx; k)-module, it is an
exact sequence of left H,(QZx;k)-modules:

o Hy(Q2kK) ® (A[m] @ k(K)2) — Hu(Q2k; k) ® A[m] — k — 0.

So Torf(2xik) (k k) = H(A[m] @ k(K), d), where d (accidentally?)
coincides with the Koszul differential. The rest is well known.
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Milnor-Moore (=Rothenberg-Steenrod) spectral sequence

Let X be a 1-connected space, k be a field. There is a spectral sequence

E2 . = Tory Mk, k)g = Hpiq(X:K).

The Toomer invariant: eg(X) := max{p : ES5, # 0}.
Theorem (V., 2021)
Let K be a flag simplicial complex. Then

@ The Milnor-Moore spectral sequence for Zx collapses at E?.
o e&(2k) = 1+ max c[m hdimy K.

(Here hdimy X := max{i : Hi(X;k) # 0}.)

Proof.
o dim E%® = dim H,(Zx; k) = dim Tor"(2xk) (i k) = dim E2.
o ES = E2, =@ ,cim Ho-1(KJi k).
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A lower bound on cat(Zx) in the flag case

Lusternik-Schnirelmann category

Let X be a connected CW-complex. cat(X) < n iff there is an open
covering X = Up U - - - U U, such that all U; — X are null-homotopic.

By a result of Ginsburg (1962), cat(X) > e(X) for any field k.

Proposition (V., 2021)
If K is flag then cat(Zx) > 1 + max ¢y cdimz K.

Proof.
Use the univ. coeff. formula and ex(Zx) = 1 + max [y hdimy K. O

v
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A lower bound on cat(Zx) in terms of K’

Beben and Grbic (2016) gave various lower and upper bounds on cat(Zx).

Proposition (Beben-Grbic, 2016)

Let Ko C -+ - C Ks be a filtration of simplicial complexes, such that
I C J € Kjt1 implies | € K. Then cat(Z,) < cat(Zk,) + s.

Let o = K and Kj;1 = K; UMF(K;) \ {missing edges of ;}. This
filtration satisfies the condition above, and stabilises at certain IC, = Kf.

Corollary (V., 2021) J

Denote d := max c[m cdimz K. Then cat(Zx) > d —v + 1.

The number v > 0 measures the “non-flagness” of K : v = 0 iff K is flag;
if sk; KC = sk; KT then v < dimKf — /.
So this bound is the most useful for “nearly flag” K.
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cat(Rx) in the flag case

Proposition (Beben-Grbic, 2016)
cat((XX, ZA)X) < cat((X, A)X). In particular, cat(Zx) < cat(Rx).

Theorem (Davis)

If K is flag then Rxc = B(RC}), where RCy is the right-angled Coxeter
group associated with the graph sk .

Theorem (Eilenberg-Ganea, 1957)
cat(BG) = cd G. (Stallings-Swan theorem covers the case cd G = 1.)

(Here cd G := max{i : H'(G; M) # 0 for some G-module M}.)
It follows: if K is flag then

cat(Rx) = cd RC¢ (= ved RCk.)
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Dranishnikov's formula

ved of Coxeter groups was studied by Bestvina (1993), Davis (1995)...
Theorem (Dranishnikov, 1997)
(cd RC} =) ved RCx = 1 + maxjex cdimy, Ik | for flag K # A™L. J

Thus we obtain:
14+ max cdimz K < cat(Zx) < cat(Ri) = ved RCx = 1+maxcdimyz lki /.
JC[m] lek
But lkx I is a full subcomplex of K in the flag case! Hence
max cdimy |k I < max cdimy K,
ek Jc[m]

and all “<" above are “=".
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Final result on cat(Zx) and cat(Rx) in the flag case
Theorem (V., 2021)

Let K # A™~! be a flag simplicial complex on [m] without ghost vertices.
Then

ved RCx = cd RCje = cdimyz R = cat(Ri) = cat(Zx) =

=1+ max cdimz K =1+ maxcdimy kg /. [
Jc[m] leK

v

Remark

For flag complexes, we obtained the identity that, in fact, holds for all K :

max cdimy K ; = maxcdimy kg /.
Jc[m lex

This is Alexander dual to the results of Ayzenberg (2012). He proved that
s-link-acyclic simplicial complexes coincide with

s-subcomplex-acyclic. (Alexander duality: H;(K ) = FI|J|_3_"(Ik,€ 7) )

V.
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Further questions

The questions are mainly about the Milnor-Moore spectral sequence for
Zjc. It seemingly admits the additional ZZ-grading.

Coformality implies E? =2 E*. |s Zx coformal for flag K?

Any examples of non-trivial differentials?
(“Are there Massey products in H,(QZx)?")

Is there a good description of E*7?
(“What is the filtration on H,(Zx)?")

In the flag case, H,(Zi; k) = Tor(22c¥)(k k) as Z x 27 -graded
k-modules. Is this isomorphism comultiplicative?

Understand the A.-structure on Extyx)(k, k) = H.(QDJ(K); k)...
What about general (cone(A), A)X?
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