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AHHOTaLMA

Mpennaraemblii BHUMaHUIO AOKNAZA OCHOBAH Ha pe3ynbTaTax craTby |2,
Bopabix, Pypmaros, YepHbiwesa, 2016].

B ctatbe npennoXXeH HOBbIVi cnocob NOCTPOEHNA ANHAMUNYHECKNX
KOMMNO3UTHbLIX NHOEKCOB, o6na,u,a|ou.|,|/|x ABYMA Ba>XHbIMU CBOMWCTBaMN:
@ CBOICTBOM HeoTpunuaTesibHOCTU BECOB,

@ CBOWCTBOM AWHaMN4YeCKOW COMOCTaBUMOCTW.

AnpobupoBaHue METOLNKMN NPOBELEHO HA NMPUMEPE NOCTPOEHUS
KOMMO3UTHOIrO0 MHAEKCA 340pPOBbsS HAaCeNeHuns.

[MpoBeneHo conocTaBneHUe C CyLLEeCTBYIOLWUMU MeTogamMu
MOCTPOEHUSI KOMMO3UTHbBIX NHAEKCOB:

@ C MEeTOAOM, NPeaJIOKEHHbIM B [1, Bopsbix, 2016],

@ c MeToAoM rnaBHbix komnoHeHT (MIK),

@ c MoAN(MLMPOBAHHBIM METOAO0M rnaBHbix KoMmnoHeHT (MMITK)
(cm. [4, AliBazsiH, 2003]).
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MeToavka nocTtpoeHns uHaekcos — 1

Ob6o3Haumm yepes XU) nokasaTens ¢ Homepom j € {1, ..., k},
OTHOCALMIACS K O6'beKTy i€{l,..., n} B MOMEHT BpemMeHN

tef{l, ..., T}

Byaem npegnonarate, 4to ans kaxgoro j € {1, ..., k} BbinosHeHbl
crenyrowmne yCaoBusi:

1) medXiUt) > 0,
It ’
2) min xY) >0,

3) m|n X(’J) < maxX(*')

1t

rae yepes medX-(Jt) obo3HaveHa BbIDOpOYHast MeaMaHa MaccmBa AaHHbIX

1,.
xIhie )
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MeTonvka nocTpoeHns UHAEKCOB — 2

Onpepenum komMnosuTHbIA uHAEKC ;i +, OTHOCALWMIACA K ODBEKTY |
B MOMEHT BpemeHu t, no dopmysne:

e =wDZQ + . 4 w®z, (1)
roe Beca W(l), PPN W(k) BbIHNCNAKTCA KaK OTHOLUEHWSA
()
) e v [ —
w NOFSERYOR j=1,...,k, (2)
a sennaunnsl v v(K) paccunTbiBatotes no dopmynam
med‘XiUt? - medX,.Ut)}
L Y = (3)
medXi(Jt)
It ’
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MeToaunka NoCTpoeHUst HAeKCoB — 3

. ()
Py 3TOM HOPMaNNU30BaHHbIe nokazatesmn Z;), ..., Z;,’, y4acTeyowune B
copmyne (1), onpegensitoTtcs cnegytowyum obpasom:
X,-Ul—mi" X,-Ui
bt ecan (A)
. maxX,.(Jg—min X,.(Ji’ '
Z(J) _ it ’ .l,t .’ (4)
it maxX,(J)—X.U)
it it i, t B
v, ecm (B),

maxX.(J)fmin X.(J
) it it
it it

(A): yem Bonbie nokasatens XU), Tem nyuuwe,

(B): uem menbiue nokasatens XU), tem nyuuwe.

Bopsbix 1., Pypmaros K., HepHeiesa U. AnHamuyeckn conocTaBuMble NHAEKCHI 13 anpensa 2017 r. 5 /43



MeToavka nocTpoeHns uHaekcos — 4

Ecnn koMnosuTHeIi NHAOEKC | asnsetca MHOrosApyCHbIM, T. €. CTPOUTCA Ha

ocrose nogbinaekcos [V, .. 1K) 1o gns ero Bbiuncnenns npumensieTcs

Ta >Ke Mmpouefypa, C TEM JiMllb OTIMYMEM, HTO B Ka4eCTBE MOKa3aTesei
XM XK) tenepb ncnonb3ytoTcs nogbIHAEKChI.
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ObcyxxaeHue metoankm — 1

N3 bopmyn (1) n (3) Bugro, uto seca wV), ... w(k) scerga
HeOTPULAaTEsIbHBbI.
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Obcy>xaeHune MeToankm — 2

3ameTuM, 4TO BEANYMHA

med| X} — medX )|

medXi03
It ’

ydacTeytowas B dopmyne (3), npeacrasnsiet coboii pobacTHelii (T. €.
yCToiiumBbIf K Bbibpocam) aHanor KoabduumeHTa Bapraumm, KOTopbIi
onpefenseTcsa Kak OTHOLUEHME CTaHAAPTHOrO OTKJOHEHUA CAyYaliHOA

BENMYMHBI 1 eé maTemaTuyeckoro oxuganus /D(X)/E[X].
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ObcyxxaeHue metoankm — 3

N3 popmynbr (1) n ckasaHHOrO BbILE CAEAYET, HTO MPU MOCTPOEHNN
KOMMNO3WUTHbLIX WHAEKCOB Mbl PYKOBOACTBYEMCS MMPUHLNMOM MaKCUMyMa
Bapuayuu: H4em Bbille U3MEHYUBOCTb MoKa3aTessi, TemM 60bLLyIo
3Ha4YNMOCTb Mbl NpUgaemM 3TOMY NOKa3aTesilo B NHAEKCE.

DTOT MOAX04 OCHOBaH Ha ClIeAytoLEM COobpaXkeHUn: ecsim 3HavyeHune
HEKOTOpPOro noka3sartesisi 4/151 Bcex 06beKToB 04HO N TO XKe, TO 0
3TOMY 10Ka3aTesltl0 Mbl HE CMOXEM MPeAnoYecTb HU OAUH U3
006BbEKTOB M0 OTHOLIEHNIO K APYryuM. AHANOrMYHash Jormka npuMeHMMa
W B Cly4Yae, eCay paccMaTpuBaeMblli NOKa3aTeslb HE SBASETCA KOHCTAHTOM,
HO MEHSIETCSl AOCTaTOYHO cnabo.
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ObcyxxaeHue metoankun — 4

Mexay HalmMm MogXOAOM M METOAOM M1aBHbIX KOMMOHEHT NMEETCS
CyLLLeCTBEHHOE UAENHOE CXOACTBO: TAK XKe, KaK U MeTof I/1aBHbIX
KOMIMOHEHT, Hall oAxos OCHOBAH Ha MaKCUMU3aLUNN U3MEHYNBOCTU
HeKoTopbix nepemeHHbix. OQHAKO B TEXHUYECKOM MJiaHe peannsauuu
npegsiaraemMoro Hamm cnocoba 1 MeTofa riaBHbIX KOMMOHEHT COBEPLUEHHO
pa3Hble. OTcloga 1 CTONb CyLLECTBEHHbIE Pa3INYMsi B CBOWCTBAX
nosy4yaemMblX KOMMNO3UTHbBIX NHAEKCOB:

@ KOMIO3UTHbIN UHAEKC, NMOCTPOEHHbIN NPy MOMOLLN HALLIEro
noaxona, obaagaer cBOVCTBOM HeOTPULIATE/IbHOCTUN BECOB U
CBOVICTBOM ANHAMUWU4YE€CKOUW CONoCTaBUMOCTMH,

@ KOMIMO3UTHbIA NHAEKC, MOCTPOEHHbIV NMPU noMoLyn mMeroga
r/1aBHbIX KOMITOHEHT, He obaiagaeTr HU CBONCTBOM
HeoTpuLaTe/IbHOCTU BECOB, HU CBOVWICTBOM AUHAMUYECKON
COrnocTaByuMOCTMH.
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ObcyxxaeHue metoankm — 5

Onpep,eneHme ANHaMmn4ec CONnoCTaBUMOCTWN.

MycTe nHpekc /; ; oTHocAWMIACA K 0bBEKTY /| B MOMEHT BpeMeHu t
BbIYUNCISIETCSA Ha OCHOBE Moka3aTenen

XO = GE - X0 = (XS

=l,..,n" ool

Hazosem uHgekc | gnHammyeckn conocTtaBsumbiM, eCAN BbINOAHEHO
ycnosue: anst aoboro i € {1, ..., n} m nwbbix s, t € {1, ..., T}

(et ...k 60 x0 <60 - XD) — 4 <y,

: 1 ecnn 4em bonblue nokasaTens X(’), TEM NyHLLE,
5(_]) o ’ y
—1, ecam 4em MeHbLUE MOKa3aTesb X(J), Tem nydlue.
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ObcyxaeHue metoankmn — 6

HecnoxHo BUAETH, YTO B CMJly MOHOTOHHOCTYN (hYHKLMI

X — min Xi(jt) njlaxXi(jt) — X
f(x) = BT g = —t :
Eb Xi(Jt) — min Xi(Jt) e Xi(Jt) — min Xi(Jt)
I, t ’ I, t ’ I, t ’ It ’

onpegensiembiii popmynamu (1)—(4) komnosuTHbli nHaekc | obnagaert
CBOWCTBOM AWHAMWYECKOW COMOCTAaBMMOCTN.
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HOCTpoeHI/Ie ANHaMN4HeCKN CONOCTaBUMMOIro KOMNO3NTHOTO

NHIEKCA 300POBbsi HaceneHns — 1

Huxe npusegeHbl pesynbTaTel anpobnpoBaHnst ONUCaHHON BblILLE
METOAUKIN.

B kauecTBe npnmMepa paccmoTpeHa 3afjaya NOCTPOEHUS! KOMMO3UTHOMO
WHIEKCA 300POBbsi HACENIEHUSl MO pernoHanbHoii ctatuctuke PP 3a
20052013 rr.

McTounnk ganHbix — cTaTucTnyecknii bronnetens [3, Peruonsl Poccuu.
CoumanbHo-sKoHOMUYecKMe nokasaTtenu. 2013].

MogpobHoctu cm. [2, Bop3bix, PypmaHos, YepHbiwesa, 2016].

Komno3nTHbIli MHAEKC 340POBbs HACEAEHNS] PACCHNTLIBAETCS HA OCHOBE
[BYX MOAbIHAEKCOB!

@ wuHpekc 3abonesaemocTu,

@ UHAEKC MPOJOJTIMNUTESIBHOCTU XXU3HU.
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HOCTpoeHI/Ie ANHaMN4HeCKN CONOCTaBUMMOIro KOMNO3NTHOTO

NHIEKCA 340POBbsi HaceneHnst — 2

VHpekc 3aboneBaeMocTyn paccHmTbiBaeTcs Ha ocHoBe 15 nokasateneii:
@ HeKoTOpble NH(EKLNOHHbIE N NapasuTapHble bonesHu,
@ HOBble 0bpa3oBaHus,

@ Done3HN KPOBM, KPOBETBOPHLIX OPraHOB 1 OTAE/bHbLIE HAPYLUEHUS,
BOBJIEKAIOLLNE UMMYHHbII MEXaHWU3M,

601€3HN SHAOKPUHHON CUCTEMBI, PAacCTPOICTBA NMUTAHUS 1
HapyLLUEHUs1 ODMeHa BELLECTB,

BonesHn HepBHOW CMCTEMBI,

BonesHn rnasa m ero NpMAATOYHOrO anmnapara,

BonesHn yxa n COCLEBMAHOIO OTPOCTKA,

bonesHn cucrembl KpoBoObpaLLeHMs,

Bone3Hn opraHoB AbixaHus,

bonesHn OpraHoB NuLeBapeHns,

BoNE3HN KOXM N NOAKOXKHOR KNeTYaTKy,
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HOCTpoeHI/Ie ANHaMN4HeCKN CONOCTaBUMMOIro KOMNO3NTHOTO

NHIEKCA 340pPOBbsi HaceneHns — 3

@ DoMe3HN KOCTHO-MbILLIEYHON CUCTEMbI U COEANHUTENBbHON TKaHU,
@ Doe3Hn MO4YenonoBON CUCTEMDI,

@ BpOXJeHHbIe aHOManuu (NOpokn pasBuTus), Aepopmaunu un
XPOMOCOMHbIE HapyLIEHNS,

@ TpaBMbl, OTPABJEHUSA U HEKOTOPbIE ApPYyrue nocaeacTsmsa BO3AENCTBUA
BHELUHUX MPUYLH.
UHpekc nposomKnTeabHOCT XU3HY PACCHUTLIBAETCS HA ocHoBe 15
nokasaTenen:
@ OXunpgaemas I'IpO,D,Oﬂ)KI/ITeﬂbHOCTb XN3HN My)K‘-IVIH,

@ OXNnagaemMasa NpoaOJIKUTENBbHOCTb XXU3HN XKEHLLNH.
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HOCTpoeHI/Ie ANHaMN4HeCKN CONOCTaBUMMOIro KOMNO3NTHOTO

NHAEKCA 340pOBbs HaceneHus — 4

Beca HopmannsoBaHHbIX NoKasaTesieil B UHAEKCE YPOBHS
3aboneBaemMocTn HaceneHus:
(6%) HekoTOpble MH(EKLNOHHbIE N NapasuTapHble bonesHy,
(5%) HoBble obpazoBaHus,
(11%) 6onesHm KpoBW, KPOBETBOPHBIX OPraHOB N OTAE/IbHBIE HAPYLLEHUS,
BOBJIEKAIOLLNE MMMYHHbIA MEXaHN3M,
(7%) 6onesHnm 3HAOKPUHHOA CUCTEMBI, PACCTPOIACTBA NUTaHUS 1
HapyleHusi obMeHa BELLECTB,

(8%) 6onesHm HepBHON CUCTEMBI,

(6%) bonesHm rnasa u ero NpUAATOHHOro annapara,
(5%) bonesHm yxa 1 COCLEBUAHOTO OTPOCTKA,

(6%) 6onesHm cuctemsl KpoBOOLpPaLLEHNS,

(4%) bonesHm opraHoB ApIxaHus,

(8%) 6GonesHm opraHoB nueBapeHus,

(5%) bonesHm KOXMN 1 NOAKOXKHOI KNETHATKM,
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HOCTpoeHI/Ie ANHaMN4HeCKN CONOCTaBUMMOIro KOMNO3NTHOTO

NHAEKCA 340pPOBbs HaceneHus — 5

(6%) bonesHN KOCTHO-MbILIEHHON CUCTEMbBI U COEANHNTENLHON TKaHMU,
(6%) bonesHm MO4eNoNOBOA CUCTEMBI,

(12%) BpoxaeHHble aHoManuu (Mopoku passuTust), aecpopmanum un
XPOMOCOMHbIE HapyLUEHNS,

(5%) TpaBMbI, OTpaB/iIEHMSI N HEKOTOPbIE ApYyrue NOCNEACTBUS BO3LAEHCTBUS
BHELLIHNX MPUYMH.
Beca HopmanusoBaHHbIX NokasaTeneidl B MHAEKCE MPOAO/IKUTENbHOCTH
XKWU3HU HaceNeHus:
(62%) oxupaemasi NPOAOIKUTENBHOCTb XKN3HN MYMUMH,
(38%) oxupaemasi NPOAOMIKNTENBHOCTL KU3HN XKEHLLMH.
Beca nogbiHAEKCOB B KOMMO3MTHOM MHAEKCE 340P0Bbs HaceneHus:
(33%) uHAekc 3abosieBaeMOCTN HaceneHus,
(67%) MHAEKC NPOJOKUTENBHOCTI XIUHN.

Bopsbix 1., Pypmaros K., HepHeiesa U. AunHamuyeckn conoctaBumble nHaekcel 13 anpensi 2017 r. 17 / 43



HOCTpoeH ne guHaMmn4eCkKnm conoCctaBmMmMoro MMO3NTHOIO

NHIEKCA 340POBbsi HaceneHnst — 6
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Bopsbix 1., Pypmaros K., HepHeiesa U. AunHamuyeckn conoctaBumble nHaekcel 13 anpensi 2017 r. 18 / 43



Conocrasnerne ¢ metogom u3 [1] — 1

Hwvxe npoBoauTCs COnocTaBneHne «HOBOrO» MeTOAA pacyera
KOMMO3MTHbIX NHAEKCOB U3 paboTbl [2, Bop3bix, Pypmaros, YepHbiwesa,
2016] n «craporo» metoga us ctatbu [1, Bopsbix, 2016].

Byaet nokasaHo, 4To «CTapblii» crnocod, B OT/inYMe OT KHOBOro» He
obnagaer CBOWCTBOM AUHAMUYECKOI COMNOCTaBMMOCTH.
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Conocrasnexne ¢ metogom u3 [1] — 2

B pabote [1] KOMNO3UTHbIA MHAEKC [; +, OTHOCSLLNIACS K ODBEKTY i
B MOMEHT BpeMeHu t, onpegensncs no dopmyne:

1 1 k k
e =wHZ 4wz, (5)

rie Beca Wt(l), ceey Wt(k) HAXOAMINCH KaK OTHOLLEHNS

)
0 — vt P —
wy = . J=1 ...k, (6)
vt(l) +...+ v,fk)
a BeJINYMHbI vt(l), ce vt(k) paccHUTLIBAOTCS MO popMysiam
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Conocrasnenve ¢ metogom n3 [1] — 3

. zk y4yacTByloLME B

(1)
it it

[Mpn 3TOM HOpManM3oBaHHble NokasaTenu Z,
copmyne (5), onpegensnuce Kak

Xf(ji*m.i" XiUZ
. max XY) —min xY)
Z(J) — i I,t. i ‘l,f (8)
Lt m.aXXi(ji_Xi(Jl
’ ecnm (B),

max XI.U) min Xiui ’
1 ’ i ’

-

(A): yem Bonbiue nokasatens XU), tem nyuwe,

(B): uyem menbuie nokasatens XU), tem nyuwe.
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Conocraenenue ¢ metogom u3 [1] — 4

CpasHuBasi dopmynbl (4) u (8), Bugum, 4to onTumusauunsi B dopmyrne (4)
NPOM3BOANTCS KaK Mo i, Tak 1 Mo t, B TO BpeMs Kak B ¢opmyne (8) —
ToNbKO Mo 7 (Npu hrKcMpoBaHHOM 3HadeHun t). Takast MoguduKaLus
MO3BONISIET CAENATb COMOCTABUMbIMMN 3HAYEHNSI HOPMAN30BAHHbIX
nokasaTesiell B pasHble MOMEHTbI BPEMEHN.

Tenepb obpatumcs k chopmynam (3) un (7). Kak BugHo, B d)opmyne (3)

MeAnaHa Haxo4UTCA MO BCEMY MACCUBY OaHHbIX { t} B TO BpPeEMA

a0
Kak B chopmysie (7) oHa HaxoanTcst no maccusy { X t},f e (npm KaXX[OM
OTAE/NbHOM 3HadeHun t). B pesynbtate, npu «HoBOM>» crocobe pacyera
secos w1, ..., w9 ¢ nomowto dopmyn (2) n (3) seca w(V), ... w(k)
nepecTatoT ObITb nepemMeHHbIMU BO BpemeHu. [1o-Bugnmomy, otkas ot
KOHLIENUMI NEPEMEHHbBIX BECOB SIBJISIETCA TON HEODXOAMMON «MAaToiy,

4TObbI nony4ynTb CBOIACTBO ,D,I/IHaMI/I‘-IeCKOI7I COMOCTaBMMOCTMN.
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Conocrasnenve ¢ metogom n3 [1] — 5

C uenblo conocTaBieHns «CTaporo» M «HOBOro» Cnocobos pacyeTa
KOMMO3UTHBIX UHAEKCOB PacCMOTPUM CleAyroLnii

NckyccTBeHHbili npumep 1.

Bynem cTponTb KOMMNO3NTHbIA MHAEKC NMPOAOIMKMUTENBHOCTY XU3HU | Ha
OCHOBE ABYX MOKa3aTesel: OKUAAEMON NPOJOSIKNTENLHOCTI XKNSHN
My>x4nH (nokasaTenb X(l)) N OXXUAAEMOW NPOACSIKUTENBLHOCTU XU3HU
eHumH (nokasatens X ().
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Conocrasnenve ¢ metogom n3 [1] — 6

WckyccTeennbiii npumep 1 (npogosixern
Mpegnonoxum, 4to B 2005 r. oXXMAaemMasi NPOAOIKUTENBHOCTL XXU3HU Kak
MY>XUUH, TaK W XKEHLINH B HALLIEM FMMNOTETMHECKOM NPUMEPE COBMAJAET C
TOW peasibHOW OXKNAAEMON NMPOAOSIKNTENBHOCTBIO XKN3HN, KOTopas bbina B
pervonax P® B 2005 r. B pamkax Haluero npumepa npeanosioxXnmM TakxKe,
yTo B nocneayowme rogsl ¢ 2006 no 2013 r. oxnpaemas
NPOLOJIKUTENBHOCTb MU3HN MY)XUUH C KaXKAbIM FOLOM pPOC/ia Ha OAUH rof,
a oXuJaemasi MPOLO/KUTENBHOCTb MU3HU XKEHLLMH 33 TOT XK€ NEPUOS HE
MeHsinack, ocTaBasick Ha yposHe 2005 r. Takum obpa3om, Mbl nMeeM
cnepytowyto gunamuky nokasatenein X1 n X2):

X1 = xG) o + (t — 2005),

@) _ @)
Xit = Xi 2008

I,t I

i=1,...,79, t=2006,...,2013.
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Conocrasnexne ¢ metogom us [1] — 7

yccTBeHHbIN npumep 1 (npogosxeHue).

|/|CI'IOJ'Ib3yF| B KQ4€CTBE AAHHbIX UCKYCCTBEHHO CO3A4aHHbIE NOKa3aTeNn X(l)
n X(2)’ Mbl paCCHUTaNn KOMMO3UTHbI NHOEKC NMPOAO/IXKNTENBHOCTN XN3HN
«CTapbiIM» N <KHOBbIM>» cnocobamu.

B pesynbTaTte, gnsi KaXkaoro U3 perroHoB KOMMO3UTHBIA UHAEKC
MPOAOJIKNTENLHOCTY >KU3HN, PACCYNUTAHHBIA «HOBLIM» CMocobom,
SIBNSIETCS CTPOro BO3pacTatoLeid PyHKLMER no nepemeHHol t.

Y70 KacaeTcst «cTaporo» cnocoba pacyera, To, Hanpumep, s
YHyKOTCKOro aBTOHOMHOIO OKpyra UMEET MECTO XOTSi I HE3HAYNTESBHOE, HO
CTPOrO€ CHUXKEHNE KOMMO3UTHOrO MHAEKCA MPOAOIKNTENBLHOCTI XKI3HN
(cm. puc. Huxe).
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Conocrasnenve ¢ metogom n3 [1] — 8

KyccTBeHHbIi npumep 1 (np
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-4 - CTapblit croco6 pacyeTa —8— HOBBIH CIOco6 pacueTa
Puc.: NmnoteTnyeckas ANHAMWKA KOMMNO3UTHOINo MHAEKCA NPOAO/IKNTENBHOCTN

XKU3HN N4 YyKOTCKOro aBTOHOMHOIO OKpYyra.
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Conocrasnenve ¢ metogom n3 [1] — 9

WckyccTBennbiii npumep 1 (npogoskeHne).

Mbl nosny4nam, 4to ansi HyKoTCKOro aBTOHOMHOIO OKpyra, UMeoT MeCTO
HepaBeHCTBa X,-l’2005 < X,-l’2013 " Xf2005 < X,-2’2013, HO Npu 3TOM ANis
«CTaporo» cnocoba pacueta nHAekcoB /i 2005 > li2013. CTano 6bITh,
«CTapbIn» cnocob pacyeTa KOMMO3NTHLIX MHAEKCOB He obnagaer
CBOCTBOM [AMHAMW4YE€CKOI CONOCTaBUMOCTMU.
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Conoctagnenne c MK — 1

[lepBoii rnaBHOW KOMMOHEHTOM NOKa3aTeneli Z(l), ey Z) wasbiBaetcs
nx NnHeliHas KomMbuHauus

hrk = vz (0 Z(K) (9)

C Hanbonbluen aucnepcueii, KOapPULMEHTLI B KOTOPOI ONpPeaensItoTCs Kak
pelleHne CleaytoLLell SKCTPEManbHO 3a4aqm

D(v(l)Z(l) + ...+ v(k)Z(k)) — max ,
v v(keR (]_O)
(v 4 4 (v)2 =1,

Nokazatenn Z(), ..., Z(K) & dhopmynax (9) u (10) npegnonaratorcs yxe
HOPMaIM30BaHHbLIMU.
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Conoctasnenne c MK — 2

[Ba pacnpocTpaHéHHbIX cnocoba HOPMUPOBKUA:

@ «CTaHAapTunsauunAa» — BbIHNTAHUE CPEOHEro N AENIEHNE Ha
CTaHAAPTHOE OTKJIOHEHNE (I'IO YMOJHAaHNIO NCNOJIb3YETCA B
CTAaTUCTNYECKNX naKeTax),

@ CBE€OEHMNE K e,ﬂ,VIHOVI LKane C 3agaHHbIMU HaV|6OJ'|bL|JV|M n
HaMMeHbLIMM 3HaveHnem (MeTogonorus cm. [4, AlieassiH, 2003]).

Hanee nepebliii cnocob byaem HasbieaTe « MIK ¢ koppensiunoHHoli
mMaTpuueiiy, a BTopoli — « MI'K ¢ koBapraunoHHOR MaTpuueii .
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Conoctasnernne ¢ MK — 3

@ MI'K ¢ koppensunoHHoii MaTpuueii Boobue He y4uTbiBaeT pasbpoc
nokasartesieli — Beca ONpPefensitoTCsl TOJIbKO KOpPpPesiLusamMu.

@ MI'K c koBapnaumoHHO MaTpuuei namepsiet pasbpoc kak
KOHLIEHTPALMIO PacrpefeneHnst Y KpaitHux 3HadeHunii (CM. puc. Huxe).
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Conoctasnenne c MK — 4

Puc.: Beicokuii pasbpoc.

AnHamuyeckn conocTaBuMble NHAEKCHI

13 anpens 2017 r. 31 /43
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Conoctasnenne c MK — 5

WckyccTBeHHbI npumep 2.

Paccmotpum auHamuky asyx nokasatenein Z() u Z(?) 3za cemsb ner:

t | ZO ] z®)
1 1 0

21 0.71 | 0.16
31042033
410.14 | 0.49
51069 | 0.8
6| 0.28 | 0.83
7] 0 1
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Conoctasnenne c MK — 6

WckyccTennbiii npumep 2 (npogoskeHue).

1 »

W ™

Puc.: Juxamuka nokasatenein Z() n Z(2),

I'IepBaﬂ rnaBHasA KOMMNOHEHTA:

IMrK, cov = —0.68Z1) +0.732(2),
IMrK, corr = —0.71Z1) 4+ 0.7123).
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Conoctasnernne ¢ MK — 7

WckyccTBentbiii npumep 2 (npogosixeHue).
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Puc.: lnHamuka MHOEKCOB B MCKYCCTBEHHOM MpumMepe 2.

Henoruynocte noeepenns MIK: Ha npomexyTke t € [4; 5] oba
nokazatens Z() n z(2) pacTyT, a uigekc MK — nagaert!

MpuunHa: oTpuLaTensHast koppensiuus mexay nokasatensmu Z1) u Z(2),
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ConocTtasnerune ¢ mogupuumpoaHibim MK — 1

BosmoxHoe peLueHne npobnembl OTpULATESbHBIX BECOB U AUHAMUYECKON
HeconocTaBumocTn — BossecTn Beca MI'K B kBagpart [4, Aiisassit, 2003).

NHaoekc hmrk MoamuumpoBaHHOrO METOAA M1aBHLIX KOMMOHEHT
(MMTK) onpegensietcsi cnegytowym obpasom.

Chayvana paccuntbigator kosppuumentsl v, .. v(K) tem xe crocobom,
yto u npun MIK:

DVWZD .. 4 v0Z0) 5 max
v®) . vk eR
(vD)2 4+ (v)2 =1
a NOTOM MO ONPeAENeHNto nonaratoT

IMMFK = (v(l))ZZ(l) + ...+ (v(k))ZZ(k).

Obpaiaem BHuMaHme Ha 1o, 4To MMIK Beca He mMoryT bBbITh
OTPULATENBHLIMY, HO MOFYT ObITh HYNEBbLIMMU.
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ConocTtasnerune ¢ moguuumupoaHibim MK — 2

Mycts npusnakn Z1) u Z(2) pesasncumel, npuyem D(Z) > D(ZzW).
NHaeke, noctpoenubiii MK u MMIK ¢ koBapuaunoHHoli maTpuueii:

2
IMrK, cov = IMMrK, cov = 7,

NHpekc, noctpoennblii MMITK ¢ koppensiunoHHoli maTpuueii:

MK, corr = 0.5Z1) 4+ 0.522).

BuiBoga: npu npumeneHun MMIK ¢ koBapuaymnoHHoW MaTpuueli UHAEKC
He Y4YUTbIBAET NOKa3aTe/Nlb C MeHbLUER AnucCnepcreil.

HecnoxHo npugymatb cxoxuii npumep n aass MMIK ¢ koppensiunoHHoii
MaTpuLen.
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ConocTtasnerune ¢ mogupuumnpoaHibim MK — 3

Nyctb npushakun ZW), Z(3) n ZB) pmetor koppensiymontyto MaTpuuy:

1 04 04
04 1 07
—-0.4 0.7 1

Torpa nepsasi MogudULMPOBaHHAs M1aBHAsH KOMMOHEHTa paBHa:

IMMFK,corr = 0-52(2) + 0.52(3).

O6patum BHUMaHMe, 4To nep.biii npustak Z(1) He BxoguT B AaHHyO
KOMMOHEHTY.

Mpuuuna: corr(ZMW, Q)Y = — corr(Zz(W), 2O3)).

DTOT MPUMEP MOXET MOKA3aThCA CAMLLIKOM SK3OTUHECKUM, HO MOXHO
npugymaTs 1 bosiee eCTeCTBEHHbIV Cny4ai.
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ConocTaBnerune ¢ mogupuumnpoaHibim MK — 4

Myctb npusnakun Z(1), Z2) n ZB) ymetor koppensiymontyto Matpuy:
1
0 1 07
0 07 1

Torga nepsasi MogMULMPOBaHHAs FNaBHasi KOMMOHEHTA BCe PaBHO paBHa:

MK, corr = 0.523) +0.52(3),

BoiBog: MK u MMIK ¢ koppensiumoHHoii MaTpuueli npugatoT HyeBoii
BEC NPU3HAKY, HEKOPPEMPOBAaHHOMY C OCTaJibHbIMU NPU3HAKaAMU.
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BeiBoabl — 1

MIK c koppensiunoHHol maTpuueii:
@ He yuuTbiBaeT pa3bpoc nokasatenei,
@ Y4YNTLIBAET KOPPENsLuu,

@ He rapaHTUpyeT HeOTPULATENbHOCTL BECOB N AUHAMMYECKYIO
COMOCTaBUMOCTb,

@ MOXET NpuaaBaTb HYNEBOW BEC NOKA3aTeslo, HECMOTPSI Ha ero
BapuabenbHOCTb.

MI'K c koBapuauuvoOHHOW MaTpuLeii:
@ y4nTbIBaET Pa3bpoc Kak COCPeAOTOYEHHOCTL Y KPaHMX 3HaYEHWiA,
@ YUUTbLIBAET KOppensiLuu,

@ HE rapaHTUpPYET HEOTPULATENIbBHOCTb BECOB N ANHAMUYECKYHO
CONoCTaBUMOCTDb,

@ MOXXET NpuAaBaTb HYNEBOM BEC MOKa3aTesNto, HECMOTPSI Ha ero
BapuabesbHOCTb.
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BeiBoabl — 2

MMTIK c koppensiumoHHoii MaTpuueii:
@ He yuuTbiBaeT pa3bpoc nokasatenei,
@ Y4YNTLIBAET KOPPENsLuu,

@ rapaHTUpPyeT HeOTPULATENLHOCTL BECOB U ANHAMUYECKYHO
COMOCTaBUMOCTb,

@ MOXET NpuaaBaTb HYNEBOW BEC NOKA3aTeslo, HECMOTPSI Ha ero
BapuabenbHOCTb.

MMTIK c koBapuauunoHHOW MaTpuueii:
@ y4nTbIBaET Pa3bpoc Kak COCPeAOTOYEHHOCTL Y KPaHMX 3HaYEHWiA,
@ YUUTbLIBAET KOppensiLuu,

@ rapaHTUpyeT HEOTPULATENBHOCTL BECOB N AUHAMUYECKYHO
COMOCTaBNMOCTb,

@ MOXXET NpuAaBaTb HYNEBOM BEC MOKa3aTesNto, HECMOTPSI Ha ero
BapuabesbHOCTb.
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BeiBoabl — 3

«HosbIn» cnocob:
@ yuunTbiBaeT pa3bpoc nokasaTtenei,
@ HE Yy4YMTbIBAET KOppenaLun,

@ rapaHTUPYeT HEOTPULATENLHOCTL BECOB U AUHAMUYECKYHO
COMOCTaBNMOCTb,

(] npm,u,aéT NONIOXKUTENbHbIA BEC N3MEHYUBbLIM NMOKa3aTENSM.

Bo3HukatoT Bonpocobl:
@ HY)XHO /I y4UTbIBaTb KOppensiyum’?

@ HY)XHO /M Yy4YnUTbIBaTb pasbpoc?
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Cnacunbo 3a BHUMaHMe!
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\maketitle
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Аннотация}
Предлагаемый вниманию доклад основан на результатах статьи~\cite[Борзых, Фурманов, Чернышева, 2016]{BorzykhFurmanovChernysheva2016}.

\medskip
В статье предложен новый способ построения динамических композитных индексов, обладающих двумя важными свойствами:
\begin{itemize}
  \item \textbf{свойством неотрицательности  весов},
  \item \textbf{свойством динамической сопоставимости}.
\end{itemize}

\medskip
Апробирование методики проведено на примере построения \textbf{композитного индекса здоровья населения}.

\medskip
Проведено \textbf{сопоставление с существующими методами} построения композитных индексов:
\begin{itemize}
  \item с методом, предложенным в \cite[Борзых, 2016]{Borzykh2016},
  \item с \textbf{методом главных компонент (МГК)},
  \item с \textbf{модифицированным методом главных компонент (ММГК)} (см. \cite[Айвазян, 2003]{Ayvazian2003}).
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%\begin{frame}
%\frametitle{Аннотация --- 2}
%Установлено, что
%\begin{itemize}
%  \item[$\otimes$] МГК \textbf{не} обладает свойством неотрицательности  весов,
%  \item[$\otimes$] МГК \textbf{не} обладает свойством динамической сопоставимости,
%  \item[$\oplus$] метод \cite{Borzykh2016} обладает свойством неотрицательности  весов,
%  \item[$\otimes$] метод \cite{Borzykh2016} \textbf{не} обладает свойством динамической сопоставимости,
%  \item[$\oplus$] метод \cite{BorzykhFurmanovChernysheva2016} обладает свойством неотрицательности  весов,
%  \item[$\oplus$] метод \cite{BorzykhFurmanovChernysheva2016} обладает свойством динамической сопоставимости,
%\end{itemize}
%
%\medskip
%Таким образом, показано, что предлагаемый вниманию метод лучшими свойствами.
%\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Методика построения индексов --- 1}
Обозначим через $X_{i,\,t}^{(j)}$ показатель с номером $j \in \{1, \, \ldots, \,k\}$, относящийся к объекту $i \in \{1, \, \ldots, \,n\}$ в момент времени $t \in \{1, \, \ldots, \,T\}$.

Будем предполагать, что для каждого $j \in \{1, \, \ldots, \,k\}$ выполнены следующие условия:

\begin{itemize}
  \item[1)] $\underset{i, \, t}{\operatorname{med}}X_{i,\,t}^{(j)} > 0$,
  \item[2)] $\min\limits_{i, \, t}X_{i,\,t}^{(j)} \geq 0$,
  \item[3)] $\min\limits_{i, \, t}X_{i,\,t}^{(j)} < \max\limits_{i, \, t}X_{i,\,t}^{(j)}$,
\end{itemize}
где через $\underset{i, \, t}{\operatorname{med}}X_{i,\,t}^{(j)}$ обозначена выборочная медиана массива данных $\{X_{i,\,t}^{(j)}\}_{i \in \{1, \, \ldots, \,n\}}^{t \in \{1, \, \ldots, \,T\}}$.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Методика построения индексов --- 2}
Определим \textit{композитный индекс} $I_{i,t}$, относящийся к объекту $i$ в~момент времени $t$, по формуле:
\begin{equation}\label{uy6hst7jsliw783}
  I_{i,t} = w^{(1)}Z_{i,t}^{(1)} + \ldots + w^{(k)}Z_{i,t}^{(k)} \text{,}
\end{equation}
где \textit{веса} $w^{(1)}, \ldots, w^{(k)}$ вычисляются как отношения
\begin{equation}\label{tr5sgh72tjashg78}
  w^{(j)} = \frac{v^{(j)}}{v^{(1)} + \ldots + v^{(k)}} \text{, \quad} j = 1, \, \ldots, \, k \text{,}
\end{equation}
а величины $v^{(1)}, \ldots, v^{(k)}$ рассчитываются по формулам
\begin{equation}\label{jay52bgfku6125fx}
  v^{(j)} = \frac{\underset{i, \, t}{\operatorname{med}}\bigl|X_{i,\,t}^{(j)} - \underset{i, \, t}{\operatorname{med}}X_{i,\,t}^{(j)}\bigr|}{\underset{i, \, t}{\operatorname{med}}X_{i,\,t}^{(j)}}  \text{, \quad} j = 1, \, \ldots, \, k \text{.}
\end{equation}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Методика построения индексов --- 3}
При этом \textit{нормализованные показатели} $Z_{i,t}^{(1)}, \, \ldots, \, Z_{i,t}^{(k)}$, участвующие в формуле (\ref{uy6hst7jsliw783}), определяются следующим образом:
\begin{equation}\label{hhit56hf65xcxfs5}
  Z_{i,t}^{(j)} := \left\{
                     \begin{array}{ll}
                       \frac{X_{i,\,t}^{(j)} - \min\limits_{i, \, t}X_{i,\,t}^{(j)}}{\max\limits_{i, \, t}X_{i,\,t}^{(j)} - \min\limits_{i, \, t}X_{i,\,t}^{(j)}}, & \text{если (A),} \\
                       \frac{\max\limits_{i, \, t}X_{i,\,t}^{(j)} - X_{i,\,t}^{(j)}}{\max\limits_{i, \, t}X_{i,\,t}^{(j)} - \min\limits_{i, \, t}X_{i,\,t}^{(j)}}, & \text{если (B),}
                     \end{array}
                   \right.
\end{equation}
\begin{itemize}
  \item[(A):] чем больше показатель $X^{(j)}$, тем лучше,
  \item[(B):] чем меньше показатель $X^{(j)}$, тем лучше.
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Методика построения индексов --- 4}
\begin{block}{}
Если композитный индекс $I$ является \textit{многоярусным}, т.\,е. строится на основе подындексов $I^{(1)}, \, \ldots, \, I^{(k)}$, то для его вычисления применяется та же процедура, с тем лишь отличием, что в качестве показателей $X^{(1)}, \, \ldots, \, X^{(k)}$ теперь используются подындексы.
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Обсуждение методики --- 1}
\begin{block}{}
Из формул (\ref{uy6hst7jsliw783}) и (\ref{jay52bgfku6125fx}) видно, что \textbf{\textit{веса $w^{(1)},\, \ldots,\, w^{(k)}$ всегда неотрицательны}}.
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Обсуждение методики --- 2}
Заметим, что величина
\[
    \frac{\underset{i, \, t}{\operatorname{med}}\bigl|X_{i,\,t}^{(j)} - \underset{i, \, t}{\operatorname{med}}X_{i,\,t}^{(j)}\bigr|}{\underset{i, \, t}{\operatorname{med}}X_{i,\,t}^{(j)}} \text{,}
\]
участвующая в формуле (\ref{jay52bgfku6125fx}), представляет собой робастный (т.\,е. устойчивый к выбросам) аналог коэффициента вариации, который определяется как отношение стандартного отклонения случайной величины и её математического ожидания $\sqrt{\operatorname{D}(X)} / \mathbb{E}[X]$.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Обсуждение методики --- 3}
\begin{block}{}
Из формулы (\ref{uy6hst7jsliw783}) и сказанного выше следует, что при построении композитных индексов мы руководствуемся \textit{принципом максимума вариации}: \textbf{\textit{чем выше изменчивость показателя, тем б\'oльшую значимость мы придаем этому показателю в индексе}}.
\end{block}
\begin{block}{}
Этот подход основан на следующем соображении: \textbf{\textit{если значение некоторого показателя для всех объектов одно и то же, то по этому показателю мы не сможем предпочесть ни один из объектов по отношению к другим}}. Аналогичная логика применима и в случае, если рассматриваемый показатель не является константой, но меняется достаточно слабо.
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Обсуждение методики --- 4}
\begin{block}{}
Между нашим подходом и методом главных компонент имеется существенное идейное сходство: \textbf{\textit{так же, как и метод главных компонент, наш подход основан на максимизации изменчивости некоторых переменных}}. Однако в техническом плане реализации предлагаемого нами способа и метода главных компонент совершенно разные. Отсюда и столь существенные различия в свойствах получаемых композитных индексов:
\begin{itemize}
  \item \textbf{\textit{композитный индекс, построенный при помощи нашего подхода, обладает свойством неотрицательности весов и свойством динамической сопоставимости}},
  \item \textbf{\textit{композитный индекс, построенный при помощи метода главных компонент, не обладает ни свойством неотрицательности весов, ни свойством динамической сопоставимости}}.
\end{itemize}
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Обсуждение методики --- 5}
\begin{block}{Определение динамической сопоставимости.}
Пусть индекс $I_{i,t}$ относящийся к объекту $i$ в момент времени $t$ вычисляется на основе показателей
\[
    X^{(1)} = (X_{i,t}^{(1)})_{i=1, \ldots, n}^{t = 1, \ldots, T} \text{, \ldots, } X^{(k)} = (X_{i,t}^{(k)})_{i=1, \ldots, n}^{t = 1, \ldots, T} \text{.}
\]
Назовем индекс $I$ \textbf{\textit{динамически сопоставимым}}, если выполнено условие: для любого $i \in \{1, \, \ldots, \, n\}$ и любых $s, \, t \in \{1, \, \ldots, \, T\}$:
\[
    \Bigl(\forall j \in \{1, \,\ldots,\, k\}\colon \;\, \delta^{(j)} \cdot X_{i,s}^{(j)} \leq \delta^{(j)} \cdot X_{i,t}^{(j)}\Bigr) \; \Longrightarrow \; I_{i,s} \leq I_{i,t} \text{,}
\]
где
\[
    \delta^{(j)} := \left\{
                      \begin{array}{ll}
                         1,  & \text{если чем больше показатель $X^{(j)}$, тем лучше,} \\
                        -1,  & \text{если чем меньше показатель $X^{(j)}$, тем лучше.}
                      \end{array}
                    \right.
\]
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Обсуждение методики --- 6}
\begin{block}{}
Несложно видеть, что в силу монотонности функций
\[
    f(x) = \frac{x - \min\limits_{i, \, t}X_{i,\,t}^{(j)}}{\max\limits_{i, \, t}X_{i,\,t}^{(j)} - \min\limits_{i, \, t}X_{i,\,t}^{(j)}} \text{\quad и \quad} g(x) = \frac{\max\limits_{i, \, t}X_{i,\,t}^{(j)} - x}{\max\limits_{i, \, t}X_{i,\,t}^{(j)} - \min\limits_{i, \, t}X_{i,\,t}^{(j)}}
\]
определяемый формулами (\ref{uy6hst7jsliw783})--(\ref{hhit56hf65xcxfs5}) композитный индекс $I$ обладает свойством динамической сопоставимости.
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Построение динамически сопоставимого композитного индекса здоровья населения --- 1}
Ниже приведены результаты апробирования описанной выше методики.

\medskip
В качестве примера рассмотрена задача построения композитного индекса здоровья населения по региональной статистике РФ за 2005--2013 гг.

\medskip
Источник данных --- статистический бюллетень \cite[Регионы России. Социально-экономические показатели. 2013]{RussReg2013}.

\medskip
Подробности см. \cite[Борзых, Фурманов, Чернышева, 2016]{BorzykhFurmanovChernysheva2016}.

\bigskip

\textit{Композитный индекс здоровья населения} рассчитывается на основе двух подындексов:
\begin{itemize}
  \item \textit{индекс заболеваемости},
  \item \textit{индекс продолжительности жизни}.
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Построение динамически сопоставимого композитного индекса здоровья населения --- 2}
\textit{Индекс заболеваемости} рассчитывается на основе 15 показателей:
\begin{itemize}
  \item некоторые инфекционные и паразитарные болезни,
  \item новые образования,
  \item болезни крови, кроветворных органов и отдельные нарушения, вовлекающие иммунный механизм,
  \item болезни эндокринной системы, расстройства питания и нарушения обмена веществ,
  \item болезни нервной системы,
  \item болезни глаза и его придаточного аппарата,
  \item болезни уха и сосцевидного отростка,
  \item болезни системы кровообращения,
  \item болезни органов дыхания,
  \item болезни органов пищеварения,
  \item болезни кожи и подкожной клетчатки,
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Построение динамически сопоставимого композитного индекса здоровья населения --- 3}
\begin{itemize}
    \item болезни костно-мышечной системы и соединительной ткани,
    \item болезни мочеполовой системы,
    \item врожденные аномалии (пороки развития), деформации и хромосомные нарушения,
    \item травмы, отравления и некоторые другие последствия воздействия внешних причин.
\end{itemize}

\textit{Индекс продолжительности жизни} рассчитывается на основе 15 показателей:
\begin{itemize}
  \item ожидаемая продолжительность жизни мужчин,
  \item ожидаемая продолжительность жизни женщин.
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Построение динамически сопоставимого композитного индекса здоровья населения --- 4}
\textbf{Веса} нормализованных показателей \textbf{в индексе уровня заболеваемости населения}:
\begin{itemize}
  \item[(6\%)] некоторые инфекционные и паразитарные болезни,
  \item[(5\%)] новые образования,
  \item[(11\%)] болезни крови, кроветворных органов и отдельные нарушения, вовлекающие иммунный механизм,
  \item[(7\%)] болезни эндокринной системы, расстройства питания и нарушения обмена веществ,
  \item[(8\%)] болезни нервной системы,
  \item[(6\%)] болезни глаза и его придаточного аппарата,
  \item[(5\%)] болезни уха и сосцевидного отростка,
  \item[(6\%)] болезни системы кровообращения,
  \item[(4\%)] болезни органов дыхания,
  \item[(8\%)] болезни органов пищеварения,
  \item[(5\%)] болезни кожи и подкожной клетчатки,
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Построение динамически сопоставимого композитного индекса здоровья населения --- 5}
\begin{itemize}
    \item[(6\%)] болезни костно-мышечной системы и соединительной ткани,
    \item[(6\%)] болезни мочеполовой системы,
    \item[(12\%)] врожденные аномалии (пороки развития), деформации и хромосомные нарушения,
    \item[(5\%)] травмы, отравления и некоторые другие последствия воздействия внешних причин.
\end{itemize}

\textbf{Веса} нормализованных показателей \textbf{в индексе продолжительности жизни населения}:
\begin{itemize}
  \item[(62\%)] ожидаемая продолжительность жизни мужчин,
  \item[(38\%)] ожидаемая продолжительность жизни женщин.
\end{itemize}

\textbf{Веса} подындексов \textbf{в композитном индексе здоровья населения}:
\begin{itemize}
  \item[(33\%)] индекс заболеваемости населения,
  \item[(67\%)] индекс продолжительности жизни.
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Построение динамически сопоставимого композитного индекса здоровья населения --- 6}
\begin{figure}[h]
    \noindent\centering{
    \includegraphics[height=60mm]{pic_ax61.jpg}
    }
    \caption{Регионы с высоким, средневысоким, средним, средненизким и низким уровнем здоровья населения.}
    \label{bc982ehkgk782sajldk}
\end{figure}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 1}
Ниже проводится сопоставление <<нового>> метода расчета композитных индексов из работы \cite[Борзых, Фурманов, Чернышева, 2016]{BorzykhFurmanovChernysheva2016} и <<старого>> метода из статьи \cite[Борзых, 2016]{Borzykh2016}.

\bigskip
Будет показано, что \textbf{<<старый>> способ, в отличие от <<нового>> не обладает свойством динамической сопоставимости}.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 2}
В работе \cite{Borzykh2016} композитный индекс $I_{i,t}$, относящийся к объекту $i$ в~момент времени $t$, определялся по формуле:
\begin{equation}\label{bus76dhjwejw78}
  I_{i,t} = w_t^{(1)}Z_{i,t}^{(1)} + \ldots + w_t^{(k)}Z_{i,t}^{(k)} \text{,}
\end{equation}
где веса $w_t^{(1)}, \ldots, w_t^{(k)}$ находились как отношения
\begin{equation}\label{x6twygj7jsak}
  w_t^{(j)} = \frac{v_t^{(j)}}{v_t^{(1)} + \ldots + v_t^{(k)}} \text{, \quad} j = 1, \, \ldots, \, k \text{,}
\end{equation}
а величины $v_t^{(1)}, \ldots, v_t^{(k)}$ рассчитываются по формулам
\begin{equation}\label{sd23rrgz}
  v_t^{(j)} = \frac{\underset{i}{\operatorname{med}}\bigl|X_{i,\,t}^{(j)} - \underset{i}{\operatorname{med}}X_{i,\,t}^{(j)}\bigr|}{\underset{i}{\operatorname{med}}X_{i,\,t}^{(j)}}  \text{, \quad} j = 1, \, \ldots, \, k \text{.}
\end{equation}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 3}
При этом нормализованные показатели $Z_{i,t}^{(1)}, \, \ldots, \, Z_{i,t}^{(k)}$, участвующие в формуле (\ref{bus76dhjwejw78}), определялись как
\begin{equation}\label{kudf784uhj9823}
  Z_{i,t}^{(j)} := \left\{
                     \begin{array}{ll}
                       \frac{X_{i,\,t}^{(j)} - \min\limits_{i}X_{i,\,t}^{(j)}}{\max\limits_{i}X_{i,\,t}^{(j)} - \min\limits_{i}X_{i,\,t}^{(j)}}, & \text{если (A),} \\
                       \frac{\max\limits_{i}X_{i,\,t}^{(j)} - X_{i,\,t}^{(j)}}{\max\limits_{i}X_{i,\,t}^{(j)} - \min\limits_{i}X_{i,\,t}^{(j)}}, & \text{если (B),}
                     \end{array}
                   \right.
\end{equation}
\begin{itemize}
  \item[(A):] чем больше показатель $X^{(j)}$, тем лучше,
  \item[(B):] чем меньше показатель $X^{(j)}$, тем лучше.
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 4}
\begin{block}{}
Сравнивая формулы (\ref{hhit56hf65xcxfs5}) и (\ref{kudf784uhj9823}), видим, что оптимизация в формуле (\ref{hhit56hf65xcxfs5}) производится как по $i$, так и по $t$, в то время как в формуле (\ref{kudf784uhj9823}) --- только по $i$ (при фиксированном значении $t$). Такая модификация позволяет сделать \textbf{сопоставимыми} значения нормализованных показателей в разные моменты времени.
\end{block}

\begin{block}{}
Теперь обратимся к формулам (\ref{jay52bgfku6125fx}) и (\ref{sd23rrgz}). Как видно, в формуле (\ref{jay52bgfku6125fx}) медиана находится по всему массиву данных $\{X_{i,t}^{j}\}_{i = 1, \ldots, n}^{t = 1, \ldots, T}$, в то время как в формуле (\ref{sd23rrgz}) она находится по массиву $\{X_{i,t}^{j}\}_{i = 1, \ldots, n}$  (при каждом отдельном значении $t$). В результате, при <<новом>> способе расчета весов $w^{(1)}, \ldots, w^{(k)}$ с помощью формул (\ref{tr5sgh72tjashg78}) и (\ref{jay52bgfku6125fx}) веса $w^{(1)}, \ldots, w^{(k)}$ перестают быть переменными во времени. По-видимому, отказ от концепции переменных весов является той необходимой <<платой>>, чтобы получить свойство динамической сопоставимости.
\end{block}

\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 5}
С целью сопоставления <<старого>> и <<нового>> способов расчета композитных индексов рассмотрим следующий
\begin{block}{Искусственный пример 1.}
Будем строить композитный индекс продолжительности жизни $I$ на основе двух показателей: ожидаемой продолжительности жизни мужчин (показатель $X^{(1)}$) и ожидаемой продолжительности жизни женщин (показатель $X^{(2)}$).
\end{block}

\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 6}
\begin{block}{Искусственный пример 1 (продолжение).}
Предположим, что в 2005 г. ожидаемая продолжительность жизни как мужчин, так и женщин в нашем гипотетическом примере совпадает с той реальной ожидаемой продолжительностью жизни, которая была в регионах РФ в 2005 г. В рамках нашего примера предположим также, что в последующие годы с 2006 по 2013 г. ожидаемая продолжительность жизни мужчин с каждым годом росла на один год, а ожидаемая продолжительность жизни женщин за тот же период не менялась, оставаясь на уровне 2005 г. Таким образом, мы имеем следующую динамику показателей $X^{(1)}$  и $X^{(2)}$:
\[
    \left\{
      \begin{array}{ll}
        X_{i,t}^{(1)} = X_{i,2005}^{(1)} + (t - 2005) \text{,} \\
        X_{i,t}^{(2)} = X_{i,2005}^{(2)} \text{,}
      \end{array}
    \right. \text{\;\;\, $i = 1, \ldots, 79$, \;\, $t = 2006, \ldots, 2013$.}
\]
\end{block}

\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 7}
\begin{block}{Искусственный пример 1 (продолжение).}
Используя в качестве данных искусственно созданные показатели $X^{(1)}$ и $X^{(2)}$, мы рассчитали композитный индекс продолжительности жизни <<старым>> и <<новым>> способами.

\medskip
В результате, для каждого из регионов композитный индекс продолжительности жизни, рассчитанный <<новым>> способом, является строго возрастающей функцией по переменной $t$.

\medskip
Что касается <<старого>> способа расчета, то, например, для Чукотского автономного округа имеет место хотя и незначительное, но строгое снижение композитного индекса продолжительности жизни (см. рис. ниже).
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 8}
\begin{block}{Искусственный пример 1 (продолжение).}
\begin{figure}[h]
    \noindent\centering{
    \includegraphics[height=60mm]{pic_bst23.jpg}
    }
    \caption{Гипотетическая динамика композитного индекса продолжительности жизни для Чукотского автономного округа.}
    \label{kdf763ighjhd}
\end{figure}
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с методом из \cite{Borzykh2016} --- 9}
\begin{block}{Искусственный пример 1 (продолжение).}
Мы получили, что для Чукотского автономного округа, имеют место неравенства $X_{i,2005}^{1} \leq X_{i,2013}^{1}$ и $X_{i,2005}^{2} \leq X_{i,2013}^{2}$, но при этом для <<старого>> способа расчета индексов $I_{i,2005} > I_{i,2013}$. Стало быть, \textbf{<<старый>> способ} расчета композитных индексов \textbf{не обладает свойством динамической сопоставимости}.
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с МГК --- 1}
\textit{Первой главной компонентой} показателей $Z^{(1)},\, \ldots,\, Z^{(k)}$ называется их линейная комбинация
\begin{equation}\label{kuds73hjjk}
  I_{\text{МГК}} = v^{(1)} Z^{(1)} + \ldots + v^{(k)} Z^{(k)}
\end{equation}
с наибольшей дисперсией, коэффициенты в которой определяются как решение следующей экстремальной задачи
\begin{equation}\label{kjds72jhs891}
    \left\{
      \begin{array}{ll}
        \operatorname{D}\bigl(v^{(1)} Z^{(1)} + \ldots + v^{(k)} Z^{(k)}\bigr) \rightarrow \max\limits_{v^{(1)},\, \ldots,\, v^{(k)} \in \mathbb{R}} \text{,} \\
        (v^{(1)})^2 + \ldots + (v^{(k)})^2 = 1 \text{.}
      \end{array}
    \right.
\end{equation}

\medskip
Показатели $Z^{(1)},\, \ldots,\, Z^{(k)}$ в формулах (\ref{kuds73hjjk}) и (\ref{kjds72jhs891}) предполагаются уже нормализованными.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с МГК --- 2}
Два распространённых способа нормировки:
\begin{itemize}
  \item \text{<<стандартизация>>} --- вычитание среднего и деление на стандартное отклонение (по умолчанию используется в статистических пакетах),
  \item сведение к единой шкале с заданными наибольшим и наименьшим значением (методология см. \cite[Айвазян, 2003]{Ayvazian2003}).
\end{itemize}

\medskip
Далее первый способ будем называть <<МГК с корреляционной матрицей>>, а второй --- <<МГК с ковариационной матрицей>>.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с МГК --- 3}
\begin{itemize}
  \item МГК с корреляционной матрицей вообще не учитывает разброс показателей --- веса определяются только корреляциями.
  \item МГК с ковариационной матрицей измеряет разброс как концентрацию распределения у крайних значений (см. рис. ниже).
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с МГК --- 4}
\begin{figure}[h]
    \noindent\centering{
    \includegraphics[height=27mm]{pic_j6sgf.jpg}
    }
    \caption{Низкий разброс.}
    \label{dknsuy392}
\end{figure}
\begin{figure}[h]
    \noindent\centering{
    \includegraphics[height=27mm]{pic_t7tg.jpg}
    }
    \caption{Высокий разброс.}
    \label{hb6as5tgh2}
\end{figure}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с МГК --- 5}
\begin{block}{Искусственный пример 2.}
Рассмотрим динамику двух показателей $Z^{(1)}$ и $Z^{(2)}$ за семь лет:
\[
\begin{tabular}{|c|c|c|}
  \hline
 $t$ & $Z^{(1)}$ & $Z^{(2)}$ \\ \cline{1-3}
  1  & 1        & 0        \\ \cline{1-3}
  2  & 0.71     & 0.16     \\ \cline{1-3}	
  3  & 0.42     & 0.33     \\ \cline{1-3}
  4  & 0.14     & 0.49      \\ \cline{1-3}
  5  & 0.69     & 0.8      \\ \cline{1-3}
  6  & 0.28     & 0.83      \\ \cline{1-3}
  7  & 0        & 1      \\ \cline{1-3}
  \hline
\end{tabular}
\]
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с МГК --- 6}
\begin{block}{Искусственный пример 2 (продолжение).}
\begin{figure}[h]
    \noindent\centering{
    \includegraphics[height=35mm]{pic_yee8.jpg}
    }
    \caption{Динамика показателей $Z^{(1)}$ и $Z^{(2)}$.}
    \label{dks873kd}
\end{figure}
Первая главная компонента:
\begin{align*}
  I_{\text{МГК,\,cov}} &= - 0.68 Z^{(1)} + 0.73 Z^{(2)} \text{,} \\
  I_{\text{МГК,\,corr}} &= - 0.71 Z^{(1)} + 0.71 Z^{(2)} \text{.}
\end{align*}
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с МГК --- 7}
\begin{block}{Искусственный пример 2 (продолжение).}
\begin{figure}[h]
    \noindent\centering{
    \includegraphics[height=35mm]{pic_jj2t.jpg}
    }
    \caption{Динамика индексов в искусственном примере 2.}
    \label{dks873kd}
\end{figure}
\textbf{Нелогичность поведения МГК:} на промежутке $t \in [4;\,5]$ оба показателя $Z^{(1)}$ и $Z^{(2)}$ растут, а индекс МГК --- \textbf{падает}!

\medskip
\textbf{Причина:} отрицательная корреляция между показателями $Z^{(1)}$ и $Z^{(2)}$.
\end{block}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с модифицированным МГК --- 1}
Возможное решение проблемы отрицательных весов и динамической несопоставимости --- возвести веса МГК в квадрат \cite[Айвазян, 2003]{Ayvazian2003}.

\medskip
Индекс $I_{\text{ММГК}}$ модифицированного метода главных компонент (ММГК) определяется следующим образом.

\medskip
Сначала рассчитывают коэффициенты $v^{(1)}, \, \ldots, \, v^{(k)}$ тем же способом, что и при МГК:
\[
    \left\{
      \begin{array}{ll}
        \operatorname{D}\bigl(v^{(1)} Z^{(1)} + \ldots + v^{(k)} Z^{(k)}\bigr) \rightarrow \max\limits_{v^{(1)},\, \ldots,\, v^{(k)} \in \mathbb{R}} \text{,} \\
        (v^{(1)})^2 + \ldots + (v^{(k)})^2 = 1 \text{.}
      \end{array}
    \right.
\]
а потом по определению полагают
\[
      I_{\text{ММГК}} := (v^{(1)})^2 Z^{(1)} + \ldots + (v^{(k)})^2 Z^{(k)} \text{.}
\]

Обращаем внимание на то, что ММГК веса не могут быть отрицательными, но \textbf{могут быть нулевыми}.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с модифицированным МГК --- 2}
Пусть признаки $Z^{(1)}$ и $Z^{(2)}$ независимы, причем $\operatorname{D}(Z^{(2)}) > \operatorname{D}(Z^{(1)})$.

\medskip
Индекс, построенный МГК и ММГК с ковариационной матрицей:
\[
    I_{\text{МГК,\,cov}} = I_{\text{ММГК,\,cov}} = Z^{(2)} \text{.}
\]

\medskip
Индекс, построенный ММГК с корреляционной матрицей:
\[
    I_{\text{ММГК,\,corr}} = 0.5 Z^{(1)} + 0.5 Z^{(2)} \text{.}
\]

\medskip
\textbf{Вывод:} при применении ММГК с \textbf{ковариационной} матрицей индекс \textbf{не учитывает} показатель с меньшей дисперсией.

\medskip
Несложно придумать схожий пример и для ММГК с корреляционной матрицей.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с модифицированным МГК --- 3}
Пусть признаки $Z^{(1)}$, $Z^{(2)}$ и $Z^{(3)}$ имеют корреляционную матрицу:
\[
    \begin{pmatrix}
    1 & 0.4 & -0.4 \\
    0.4 & 1 & 0.7 \\
    -0.4 & 0.7 & 1
    \end{pmatrix}
\]

Тогда первая модифицированная главная компонента равна:
\[
    I_{\text{ММГК,\,corr}} = 0.5 Z^{(2)} + 0.5 Z^{(3)} \text{.}
\]

\medskip
\textbf{Обратим внимание}, что первый признак $Z^{(1)}$ не входит в данную компоненту.

\medskip
\textbf{Причина:} $\operatorname{corr}(Z^{(1)}, Z^{(2)}) = - \operatorname{corr}(Z^{(1)}, Z^{(3)})$.

\medskip
Этот пример может показаться слишком экзотическим, но можно придумать и более естественный случай.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Сопоставление с модифицированным МГК --- 4}
Пусть признаки $Z^{(1)}$, $Z^{(2)}$ и $Z^{(3)}$ имеют корреляционную матрицу:
\[
    \begin{pmatrix}
    1 & 0 & 0 \\
    0 & 1 & 0.7 \\
    0 & 0.7 & 1
    \end{pmatrix}
\]

Тогда первая модифицированная главная компонента все равно равна:
\[
    I_{\text{ММГК,\,corr}} = 0.5 Z^{(2)} + 0.5 Z^{(3)} \text{.}
\]

\medskip
\textbf{Вывод:} МГК и ММГК с корреляционной матрицей придают \textbf{нулевой} вес \textbf{признаку, некоррелированному с остальными признаками}.
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Выводы --- 1}
\textbf{МГК с корреляционной матрицей:}
\begin{itemize}
  \item не учитывает разброс показателей,
  \item учитывает корреляции,
  \item не гарантирует неотрицательность весов и динамическую сопоставимость,
  \item может придавать нулевой вес показателю, несмотря на его вариабельность.
\end{itemize}
\textbf{МГК с ковариационной матрицей:}
\begin{itemize}
  \item учитывает разброс как сосредоточенность у крайних значений,
  \item учитывает корреляции,
  \item не гарантирует неотрицательность весов и динамическую сопоставимость,
  \item может придавать нулевой вес показателю, несмотря на его вариабельность.
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Выводы --- 2}
\textbf{ММГК с корреляционной матрицей:}
\begin{itemize}
  \item не учитывает разброс показателей,
  \item учитывает корреляции,
  \item гарантирует неотрицательность весов и динамическую сопоставимость,
  \item может придавать нулевой вес показателю, несмотря на его вариабельность.
\end{itemize}
\textbf{ММГК с ковариационной матрицей:}
\begin{itemize}
  \item учитывает разброс как сосредоточенность у крайних значений,
  \item учитывает корреляции,
  \item гарантирует неотрицательность весов и динамическую сопоставимость,
  \item может придавать нулевой вес показателю, несмотря на его вариабельность.
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Выводы --- 3}
\textbf{<<Новый>> способ:}
\begin{itemize}
  \item учитывает разброс показателей,
  \item не учитывает корреляции,
  \item гарантирует неотрицательность весов и динамическую сопоставимость,
  \item придаёт положительный вес изменчивым показателям.
\end{itemize}

\bigskip
\textbf{Возникают вопросы:}
\begin{itemize}
  \item нужно ли учитывать корреляции?
  \item нужно ли учитывать разброс?
\end{itemize}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{}
\begin{center}
{\LARGE Спасибо за внимание!}
\end{center}
\end{frame}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{frame}
\frametitle{Список литературы}
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